Abstract. In this note, we affirm the partial answer to the long open Conjecture which states that any closed strictly pseudoconvex CR 3-manifold admits a contact form θ with the vanishing CR Q-curvature. More precisely, we deform the contact form according to an CR analogue of Q-curvature flow in a closed strictly pseudo-
Introduction
A strictly pseudoconvex CR (2n + 1)-manifold is called pseudo-Einstein if the pseudohermitian Ricci curvature tensor is function-proportional to its Levi metric for n ≥ 2. This is trivial for n = 1. However, this is equivalent to saying that the following quantity is vanishing ([L1] , [H] ) (1.1) W α R, α −inA αβ , β = 0.
Then the pseudo-Einstein condition can be replaced by (1.1) for all n ≥ 1. From this, one can define ( [H] , [FH] , [CCC] ) the CR Q-curvature for n = 1 by (1.2) Q := − 4 3 Re[ R, 1 −iA 11,1 1 ] = − 2 3 (W 11 + W 11 ).
its contact class (or equivalently its underlying contact bundle) indicated. For a realvalued function λ in M 3 , we consider a conformal transformation θ = e 2λ θ 0 . Under this conformal change, it is known that we have the following transformation laws :
(1.4) P = e −4λ P 0 and (1.5) Q = e −4λ (Q 0 + 2P 0 λ), where P 0 and Q 0 denote the CR Paneitz operator and the CR Q-curvature with respect to (M, J, θ 0 ), respectively. Now we decompose
with respect to P 0 , where Q ⊥ 0 denotes the component of Q 0 which is perpendicular to kerP 0 and (Q 0 ) ker denotes the component of Q 0 in kerP 0 . From (1.5), we observe that if Q = 0 for θ = e 2λ θ 0 , then
Hence the kernel part of the background CR Q 0 -curvature must be vanishing :
(1.6) (Q 0 ) ker = 0.
In this paper, via the CR Q-curvature flow (1.8) as below, we affirm the partial answer to Conjecture 1.2 in a closed strictly pseudoconvex CR 3-manifold (M, J,
of the vanishing first Chern class c 1 (T 1,0 M). We refer to Theorem 5.1, Theorem 1.1, Theorem 1.3 and Theorem 1.4 for details.
We observe that the vanishing of c 1 (T 1,0 M) is required to ensure that the background assumption (1.6) holds for the flow (1.8) as in Theorem 6.2. Therefore the limit contact form θ ∞ = e 2λ∞ θ 0 has the vanishing CR Q ∞ -curvature :
We first define the functional E on a closed strictly pseudoconvex CR 3-manifold L1] , [FH] ).
The notions of Paneitz operator P and Q-curvature were initially introduced on a Riemannian manifold, and were considered as a kind of generalization of Laplacian
and Gaussian curvature on a two-dimensional manifold, respectively ( [B] , [P] ).
4. By using the method of Riemannian Q-curvature flow, the related problems for the Q-curvature on a Riemannian 4-manifold are also addressed and studied as in [Br1] , [Br2] and [MS] .
Concerning global existence and a priori estimates for the solution of (1.8), we introduced the following notions.
which is an operator that characterizes CR-pluriharmonic functions. Here P 1 ϕ = ϕ11 1 + iA 11 ϕ 1 . The CR Paneitz operator P with respect to θ is defined by
where δ b is the divergence operator that takes (1, 0)-forms to functions by δ b (σ 1 θ 1 ) = σ 1, 1 , and similarly,δ b (σ1θ1) = σ1 ,1 .
(ii) On a closed strictly pseudoconvex CR 3-manifold (M, J, θ), we call the CR Paneitz operator P with respect to (J, θ) nonnegative if
for all real C ∞ smooth functions ϕ. We call the CR Paneitz operator P with respect to (J, θ) essentially positive if there exists a constant Υ > 0 such that
for all real C ∞ smooth functions ϕ ⊥ ker P (i.e. perpendicular In general for non-embeddable CR 3-manifolds, we only have w in Ω such that Re(w) = u and u| M = ϕ.
5. The CR Paneitz operator P with respect to (J, θ) is defined by
and the CR Q-curvature is defined by Note that condition ( * ) is satisfied on the standard CR 3-sphere S 3 with ǫ = 0 and C(ǫ) = 0 (see Lemma 3.1 in Section 3, also [CCC, (1.13)] ). Now we are ready to state our main results for the paper. However for the CR Paneitz operator P, the space of ker P is infinite dimensional ( [GL] , [CTW] ).
We observe that a small deformation of the standard CR
may or may be not embeddable but still satisfies condition ( * ).
However, we observe that if M is embeddable, it follows from Corollary 3.1 that the CR Paneitz operator P 0 is subelliptic on the orthogonal complement of ker P . In additional, if the CR Paneitz operator P 0 is nonnegative, then in fact it is essentially positive due to P 0 is a closed operator ( [CC] ). Note that if the pseudohermitian torsion is vanishing, then M is embeddable and the CR Paneitz operator P 0 is nonnegative ( [Le] , [CCC] ). Then we recapture the first named author's previous main result ( [CCC] ) where we made a much stronger assumption of vanishing torsion. and converges smoothly to λ ∞ ≡ λ(·, ∞) as t → ∞. Moreover, the contact form
Finally, we recall the following definition.
Definition 1.3. The CR Yamabe constant is defined by
, where E θ denoted by
Note that
In [CCY] , the authors showed that under the condition of nonnegativity of P 0 , the We briefly describe the methods used in our proofs. In section 2, we will briefly describe the basic notions of a pseudohermitian 3-manifold. In Section 3, we discuss about an analytic property of the CR Paneitz operator P and prove the subellipticity of P 0 on (ker P 0 ) ⊥ under the condition ( * ). In section 4, we show the CR Q-curvature flow (1.8) is a negative gradient flow of E. Furthermore, we derive the uniformly S 4k,2 -norm estimate for the solution of (1.8). In section 5, we prove the long time existence and asymptotic convergence of the solution of (1.8) on M × [0, ∞). Finally, in section 6, we derive the key Bochner-type formulae in a closed strictly pseudoconvex CR 3-manifold of the vanishing first Chern class c 1 (T 1,0 M) and then prove the main results.
Preliminary
We introduce some basic materials in a pseudohermitian 3-manifold (see [L1] , [L2] for more details). Let M be a closed 3-manifold with an oriented contact structure Let {T, Z 1 , Z1} be a frame of T M ⊗ C, where Z 1 is any local frame of
for some nonzero real function h 11 . If h 11 is positive, we call (M, J, θ) a closed strictly pseudoconvex CR 3-manifold, and we can choose a Z 1 such that h 11 = 1; hence, throughout this paper, we assume h 11 = 1.
The pseudohermitian connection of (J, θ) is the connection ∇ on T M ⊗ C (and extended to tensors) given in terms of a local frame Z 1 ∈ T 1,0 by
where θ 1 1 is the 1-form uniquely determined by the following equations:
where τ 1 is the pseudohermitian torsion. Put τ 1 = A 11 θ1. The structure equation
for the pseudohermitian connection is
where R is the Tanaka-Webster curvature.
We will denote components of covariant derivatives with indices preceded by comma; thus write A1 1,1 θ 1 ∧ θ. The indices {0, 1,1} indicate derivatives with respect to {T, Z 1 , Z1}. For derivatives of a scalar function, we will often omit the comma,
We can use the connection to define the sub-Hessian
The sub-Laplacian ∆ b defined as the trace of the subhessian. That is
The Levi form , = , J,θ is the Hermitian form on T 1,0 defined by
We can extend , J,θ to T 0,1 by defining Z, W J,θ = Z, W J,θ for all Z, W ∈ T 1,0 .
The Levi form induces naturally a Hermitian form on the dual bundle of T 1,0 , and hence on all the induced tensor bundles. Integrating the hermitian form (when acting on sections) over M with respect to the volume form dµ = θ ∧ dθ, we get an inner product on the space of sections of each tensor bundle. More precisely, we denote Levi form , J,θ by
For a vector X ∈ ξ, we define |X| 2 ≡ X, X J,θ . It follows that |∇ b ϕ| 2 = 2ϕ 1 ϕ1 for a real valued smooth function ϕ. Also the square modulus of the sub-Hessian ∇ 
We define the
..., respectively, as usual. So it is natural to define the
as follows:
The function space S k,p with the above norm is a Banach space for k ≥ 0, 1 < p < ∞.
There are also embedding theorems of Sobolev type. For instance, S 2,2 ⊂ S 1,4 (for dim M = 3). We refer the reader to, for instance, [FS2] and [Fo] for more discussions on these spaces.
Subelliptic Estimate for the CR Paneitz Operator
Suppose that (M 2n+1 , θ, J) is a closed strictly pseudoconvex CR (2n + 1)-manifold.
In [Bm] We first recall an intergral CR Bochner formula as following.
Lemma 3.1. ( [CCC] ) Let (M, J, θ) be a closed strictly pseudoconvex CR 3-manifold.
Then for any
Proposition 3.1. Let (M, J, θ) be a closed strictly pseudoconvex CR 3-manifold.
Then condition ( * ) for the CR Paneitz operator P implies the subellipticity of P on the orthogonal complement of ker P. That is
for some constant C k independent of λ ∈ (ker P ) ⊥ .
Proof. By the CR integral Bochner formula (Lemma 3.1), we have
On the other hand, by the definition of CR Paneitz operator
By Young inequality, we can estimate the term of α and ρ by (3.5)
It follows from (3.3) and (3.4) that
Hence condition ( * ) implies
Therefore from (3.5)
Since we can take ǫ ′ and ǫ arbitrary, we can assume that 0
Since the sub-Laplacian ∆ b is subelliptic on C ∞ (M), there exists a constant C > 0 such that
for λ ∈ (ker P ) ⊥ .
Next it follows from [GL] that
Since the order of the operator S ′ is 2, we can ignore the second part of the above.
Moreover, we have
Hence we have
It follow from ( * * ) and (3.6) that (3.7)
These estimates show that
for some constant C independent of λ ∈ (ker P ) ⊥ . Therefore one can obtain estimates of higher order derivatives from (3.8) and interpolation inequalities in the FollandStein spaces S k,2 as following.
for some constant C k independent of λ ∈ (ker P ) ⊥ . 
Next, we recall that if the range of
∂ b is closed in L 2 (M),
Proof. Since the Kohn Laplacian (acting on functions) satisfies
Moreover, since it holds that i[∆ b , T ]λ = 2i(A 11 λ 1 ) ,1 + 2i(A 11 λ 1 ) ,1 , the CR Paneitz operator can be written ( [GL] ) by
where Sλ = 2i(A 11 λ 1 ) ,1 .
We observe that the kernel of P 1 is just the space of all CR pluriharmonic functions (see definition 1.1). Let w = u + iv ∈ ker b , u, v ∈ C ∞ (M; R). By Lemma 3.1. of [L1] ,
Since the CR Paneitz operator is a real operator, i.e. P λ = P λ, we have ker P = {λ + iη | λ, η ∈ ker P ∩ C ∞ (M; R)}. This concludes that
⊥ so that by the closedness of the range of b , there exists λ
In particular
It follow from (3.9) and the subelliptic estimates for b , b on their orthogonal complement of the kernel, for λ ∈ (ker P )
Hence b b has the subellipticity on (ker P ) ⊥ . Since P = b b − 2S and S is a lower order operator, we obtain the subelliptic estimate for P on (ker P ) ⊥ .
As 
A Priori Uniformly Estimates
Let T be the maximal time for a solution of the flow (1.8) on M × [0, T ). We will derive the uniformly S 4k,2 -norm estimate for λ under the flow (1.8) for all t ≥ 0.
It then follows that we have the long-time existence and asymptotic convergence for solutions of (1.8) on M × [0, ∞) as in section 5.
First we recall a pseudohermitian Moser inequality. Let · p denote the L p -norm with respect to the volume form dµ 0 .
Lemma 4.1. ( [CCC] ) Let (M, J, θ 0 ) be a closed strictly pseudoconvex CR 3-manifold.
Then there exist constants C, κ, and ν such that for all ϕ ∈ C ∞ (M), there holds 
Proof. It follow from (1.3) and (1.5) that
We also observe that
We will often use the above lemma (whose proof is left to the reader) to obtain the higher order estimates. Now we write λ = λ ker + λ ⊥ . Q 0 = (Q 0 ) ker + Q ⊥ 0 with respect to P 0 . Comparing both sides of the following formula:
we obtain (4.4) ∂λ
and (4.5) ∂λ ker ∂t = r(t).
From now on, C or C j denotes a generic constant which may vary from line to line. 
Proof. From (4.5), we have
rdt.
We compute
It then follows from Lemma 4.2 that
for all t ≥ 0. Since the CR Paneitz operator P 0 is essentially positive in the sense
All these imply that there exists a positive constant C(Υ, Q 0 , θ 0 ) > 0 such that
for all t ≥ 0.
Next we compute, for all positive integers k,
By essential positivity of P 0 , we obtain (4.9)
Therefore there exists a constant
By applying Lemma 4.3 to the O.D.E. f ′ (t) ≤ −3Υf (t)+C(k) from (4.10), we obtain
By the subelliptic estimate of P 0 and (4.7), we obtain
We note that
and hence
Therefore by the Sobolev embedding theorem, we have S 4,2 ⊂ S 1,8 and
Now using Lemma 4.1 (pseudohermitian Moser inequality), we get
Together with M e 4λ dµ 0 being invariant under the flow, we conclude that
Here the upper bound is obtained by observing that λdµ 0 ≤ e 4λ dµ 0 .
We finally obtain (4.14)
Long-Time Existence and Asymptotic Convergence
In the previous section, we obtain an a priori S 4k,2 uniformly estimate (i.e., independent of the time) of the solution of (1.8) on M × [0, ∞) if the CR Paneitz operator P 0 is subelliptic on the orthogonal complement of kerP 0 and essentially positive. Therefore we are able to prove the long time existence and asymptotic convergence of solutions of (1.8).
Theorem 5 and converges smoothly to λ ∞ ≡ λ(·, ∞) as t → ∞. Moreover, the contact form θ ∞ = e 2λ∞ θ 0 has the CR Q-curvature with
In additional if (Q 0 ) ker = 0, then
Proof. Since P 0 is nonnegative and subelliptic on (ker P 0 ) ⊥ . It follows that there exists a unique C ∞ smooth solution λ ⊥ of (4.4) for a short time. On the other hand, we can apply the contraction mapping principle to show the short time existence of a unique C ∞ smooth solution λ ker to (4.5). The long time solution then follows from Proposition 4.1, the Sobolev embedding theorem for S k,2 , and the standard argument for extending the solution at the maximal time T.
Starting from (4.3), we compute
by essential positivity of P 0 . Therefore
is nondecreasing, and hence
By (4.14), we can find a sequence of times t j such that λ j ≡ λ(·, t j ) converges to λ ∞ in C ∞ topology as t j → ∞. On the other hand, integrating (4.3) gives
In view of (5.3), (5.4), we obtain
where Q ∞ denotes the Q-curvature with respect to (J, θ ∞ ), θ ∞ = e 2λ∞ θ 0 , and dµ ∞ = e 4λ∞ dµ 0 . It follows that
That is
In the following, we are going to prove the smooth convergence for all time. First we want to prove that λ converges to
Observe that (|| · || 2 denotes the L 2 norm with respect to the volume form dµ 0 )
by the subellipticity of P 0 on (kerP 0 ) ⊥ and 0 = 2P 0 λ
by the Cauchy inequality and (5.6). Let ϑ be a number between 0 and 1 2
. It follows from (5.7) that
for t large by noting that 2(1 − ϑ) > 1 and ||2P 0 λ ⊥ + Q ⊥ 0 || 2 tends to 0 as t → ∞ by (5.5). Next we compute (5.9)
by (4.3), (5.8), and noting thatλ .4)) and hence the left side is nonnegative. We learned the above trick of raising the power to ϑ from [S] .
Integrating (5.9) with respect to t gives (5.10)
Observing that Together with (5.13), we have proved that λ converges to λ ∞ smoothly as t → ∞.
Bochner-Type Formulae for the CR Q-Curvature
In this section, let (M, J, θ) be a closed strictly pseudoconvex CR 3-manifold of The first equality due to (6.7) and second equality due to (6.6). But from (6.6) and (6.5) σ 1,11 = ϕ ,111 + γ 1,11 = ϕ ,111 .
